
BE 25Winter 2024
Homework #8

Due at 9 AM PST, March 7, 2024

Problem 8.1 (Donnan potentials in red blood cells, 10 pts).
This problem is based on problem 7.18 of Tinoco, et. al. The typical Mg2+ concentration
in blood plasma is 2.2 mM. If the potential across the membrane of a red blood cell
is −90 mV (the inside of the RBC is more negative than the outside), what is the
magnesium ion concentration inside a red blood cell? Hint: Can you neglect the
osmotic pressure?

Problem 8.2 (Using osmotic pressure to determine molecular weight, 20 pts).
Charles Tanford was an important protein biophysical chemist. (He is an interesting
character worth reading about. I enjoyed his book Ben Franklin Stilled the Waves.)
In the 1967 he published a series of papers on denatured proteins along with Savo
Lapanje. In one set of experiments, they used an osmometer to measure the os-
motic pressure of a solution containing a protein of unknown molecular weight. A
schematic of an osmometer is shown below.
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Figure 1: A schematic of an osmometer, adapted from an image by Benedikt
Seidl, licensed under a CC BY-SA 3.0 license. The change in height of a so-
lution of interest after adding solute is used to determine the osmotic pressure
across the semipermeable membrane.

To prepare a solution, they added a knownmass of protein to a known volume of
solvent. They did this for several mass concentrations, and then used a plot like the
one shown below from their paper (Lapanje and Tanford, J. Am. Chem. Soc., 89,
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5030–5033, 1967) to obtain the molar mass. Note that the variable C on the y-axis of
the plot below is a mass concentration, given in units of grams per liter. 5031

Figure 1. Representative experimental data. The units for osmotic
pressure are centimeters of solvent (density 1.14 g/cc). The value
of RT in the units employed (at 25°) is 2.20 X 104. Curves 1 and 2
represent duplicate runs, starting with different stock solutions, for
ribonuclease. These were the only two duplicate runs which showed
such a large difference in the intercept. Curves 3 and 4 are repre-
sentative runs for chymotrypsinogen and aldolase.

effects of nonideality. Alternative procedures, based
on independent measures of thermodynamic nonideality
per se, are considered more reliable.
The objective of this paper is to obtain an independent

estimate of nonideality by determination of second virial
coefficients (A2) from osmotic pressure measurements.
These results will then be combined with our previous
viscosity data to yield unperturbed dimensions.

Experimental Section
Proteins. The source of proteins used in this study and the prep-

aration of samples for solution have been described previously.4·6
All the measurements described here were performed between pH 6
and 8, but we do not believe that pH is an important variable be-
cause electrostatic effects must be essentially eliminated by the high
salt concentration present. In the experiments with pepsinogen,
Tris buffer was used to maintain the pH constant. For all other
proteins pH adjustment was made by addition of HC1 or KOH.
Osmotic Pressure. Osmotic pressure measurements were made

with the Hewlett-Packard 503 high-speed membrane osmometer.
Schleicher and Schuell’s B 18 and B 19 membranes were used
throughout this study. The former was used for aldolase and se-
rum albumin, the latter for other proteins. Before use, the mem-
branes were equilibrated with the solvent, 6 M GuHCl +0.1M
5-mercaptoethanol, for at least 24 hr. During this time they
slightly swelled.
The time necessary for the bubble in the osmometer capillary to

rise from the trap to the height of the light path was an important
criterion for the quality of a membrane. Sometimes this time was
10 min, often up to 20 min. If the time was higher, the membrane
was replaced with another. In accord with this, in some cases
equilibrium in the system was reached within 10 or 15 min; in
others we had to wait for 0.5 hr or even longer. This may partly
be due to sticking of the solvent to the capillary walls resulting in
the sluggishness of response of the system. This phenomenon was
observed regardless of how thoroughly the capillary was cleaned.
This appears to be an inherent characteristic of this particular
solvent in addition to its swelling action on the membranes.
An important criterion for the precision of each set of measure-

ments with a membrane was the reproducibility of the solvent
readings. Those sets of measurements were judged as satisfactoryin which the fluctuations were less than 0.15 cm. In best experi-
ments they were better than 0.05 cm. If in the beginning of a set
of measurements large fluctuations of the solvent readings were ob-
served, the measurements were discontinued, and a new membrane
was installed. This was very often the case. An additional cri-

Figure 2. Plot of A2M1-/l as a function of molecular weight.

terion is naturally the reproducibility of the solution readings.
Therefore several experiments were performed with each set of
solutions, and the sequence in which solutions were introduced
in the system was changed in each set of measurements. We be-
lieve that in this way we avoided as much as possible the possibility
of taking an apparent equilibrium due to sluggishness of response
for a true equilibrium. In addition to this, for each protein at
least two completely independent sets of measurements were made,
i.e., sets starting with a new stock solution. The estimated error
for each protein is given in the table presenting the experimental
data. An additional criterion for judging the accuracy of our data
is the values of the molecular weights of the proteins studied, re-
sulting from the osmotic measurements.
In some cases we extended equilibration of the membrane with

the solvent over a period of a few days without noticing any partic-
ular effect. However, when the equilibration time was less than
24 hr, reproducibility of readings was less than usual which means
that the swelling of membranes was not completed yet.
We also attempted in a few instances to use as membranes cello-

phane tubing (Visking Corp.) as used by Kupke11 in his osmometric
studies of insulin and ribonuclease in concentrated GuHCl solu-
tions. We were not able to obtain reproducible measurements in
this way.

Results

All the measurements reported here were carried out
in 6 M GuHCl, containing 0.1 M ß-mercaptoethanol,
at 25°. The purpose of the mercaptoethanol was to
make sure that all of the polypeptide chains were in the
reduced condition, containing no disulfide cross-links.
Typical experimental data are shown in Figure 1.

Molecular weights and second virial coefficients ob-
tained from the data are tabulated in Table I. The
molecular weights are seen to agree to within a few per
cent with accepted values or values determined pre-
viously by us by sedimentation equilibrium. In Figure
2 we have plotted A2M'h as a function of molecular
weight. We see that all the results (except that for
pepsinogen) fall on a smooth curve, A2M'/'1 increasing
with an increase in molecular weight. This is the typical
result for polymers composed of identical subunits.
That such a result is obtained here suggests that the
average thermodynamic interaction parameters which
characterize each protein polypeptide chain, and which
in principle can vary from one protein to another as a
result of variations in amino acid content, do not in fact
vary significantly. Whether the exceptional position of
pepsinogen represents a real difference or an artifact is
not certain. The pepsinogen solutions contained added
(11) D. W. Kupke, Compt. Rend. Trav. Lab. Carlsberg, 32, 107

(1961).

Lapanje, Tanford / Osmotic Pressure Measurements in 6 M GuHCl

a) Sketch how the curves would look for ideal (dilute solutions). Do the experi-
mental curves shown in the above figure deviate from ideality? If so, why do
you think they deviate?

b) Considering curves 2, 3, and 4, which are respectively for ribonuclease, chy-
motrypsin (actually its inactive precursor), and aldolase, estimate the molec-
ular weights of the respective proteins.

Problem 8.3 (Random walk with drift, 35 pts).
Consider a one-dimensional random walk where the probability of stepping right-
ward is θ . If θ ̸= 1/2, the randomwalk is said to be biased. Consider a randomwalk
of N steps of length ℓ, each of which takes time τ .

a) Show that the mean displacement ⟨x⟩ = Nbℓ, where b = 2θ − 1 is the direc-
tional bias of the talk (−1 ≤ b ≤ 1).

b) Show that the variance of the displacement
⟨
(x − ⟨x⟩)2⟩ = N

(
1 − b2) ℓ2.

c) The amount of time spent on a biased randomwalk is t = Nτ . Define diffusion
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coefficient

D =
ℓ2(1 − b2)

2τ (8.1)

and velocity

v =
bℓ
τ . (8.2)

Then, show that the probability distribution for the displacement is

P(x; t) = 1√
4πDt

exp

[
−(x − vt)2

4Dt

]
. (8.3)

d) Consider a collection of particles undergoing this random walk. Define the
concentration of these particles to be c(x, t) = n0P(x, t). Show that c(x, t)
so defined is a solution to the diffusion-advection equation you derived in the
previous problem.

∂c
∂t = D ∂2c

∂x2 − v ∂c
∂x . (8.4)

In solving this problem, you have worked out that the biased random walk has
a drift velocity of v = bℓ/τ . Thus, bias in the walk functions like a weak flow
is driving transport more into one direction.

Problem 8.4 (Rate constants, 35 pts).
In the first half of the course, we did not talk about how rate constants for chemical
reactions are determined. In this problem, wewill work out how rate constantsmight
vary with temperature and other properties of a system and its reactants.

a) Wewill be discussing theArrhenius rate law,which is phenomenological. Nonethe-
less, Arrhenius took inspiration from a thermodynamic relation,(

∂ ln K
∂T

)
p
=

1
kBT2

∑
i

ν ih0
i , (8.5)

where K is a chemical equilibrium constant for a reaction. This relation is
called the van’tHoffequation, not to be confusedwith the van’tHoff formula
we saw in lecture describing osmotic pressure. Derive this equation. Hints:
Use the fact that μ 0

i = h0
i −T s0

i , since μ 0
i is the per-particle Gibbs free energy

of solute i, and the Gibbs free energy is a Legendre transform of the enthalpy.
Also, there is an additional assumption involved this equation. What is it?
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b) Taking inspiration from the van’t Hoff equation, Arrhenius figured that analo-
gously to the equilibrium constant, the rate constant k of a reactionmight have
a similar dependence on an energy. He wrote(

∂ ln(k/k0)

∂T

)
p
=

Ea

kBT2 , (8.6)

whereEa is referred to as an activation energy and k0 imparts units on the rate
constant. Show that the above relation leads towhich is known asArrhenius’s
equation,

k = Ae−Ea/kBT, (8.7)

a phenomenological but highly effective prescription for rate constants. Acti-
vation energies are positive, as can be worked out from transition state the-
ory, which is beyond the scope of this course. The larger the activation en-
ergy, the smaller the rate constant k.

c) The parameter A is named the preexponential factor, but is also called the
frequency factor. While the former name is a descriptive mathematical name
for the parameter A, the latter is a descriptive physical name. The idea is that
the prefactor describes how often molecules can come into contact with each
other in solution and the exponential term describes how often those contacts
result in a chemical reaction. We will now work out an expression for A.

To have a concrete model in mind, we will consider a protein and a ligand
binding to each other. We put ourselves in the position of the center of the
protein, which is embedded in a sea of solvent and ligand. The ligands may
come into proximity of the protein via diffusion. Let c∞L be the concentration
of ligand far from the protein. This is the bulk concentration of ligand in the
whole solution. Because the protein is reactive, ligand will be locally depleted
near the protein surface, so there will be a diffusive flux of ligand toward the
protein. This is described by the diffusion equation,

∂cL

∂t = D∇2cL. (8.8)

Here, D is the diffusion coefficient of ligand relative to protein, so it has a value
of D = Dprotein + Dligand.

i) Assuming the ligand reacts as soon as it make contact with the surface
of the protein, which happens at a radial distance r0 from the center of
the protein, such that cL(r = r0) = 0 solve for the steady state radial
concentration profile of ligand, cL(r). Here, r is the radial distance from
the origin. We are assuming the protein is spherical. Hint: The Laplace
operator∇2 in spherical polar coordinates is defined according to

∇2f = 1
r2

∂

∂r

(
r2 ∂f

∂r

)
+

1
r2 sin θ

∂

∂ θ

(
sin θ ∂f

∂ θ

)
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+
1

r2 sin2 θ
∂2f
∂ϕ 2 , (8.9)

where θ is the polar angle and ϕ is the azimuthal angle.

ii) From your expression for cL(r), write an expression for the radial flux of
ligand, j(r).

iii) Write an expression for the total number of ligands impinging on the pro-
tein per unit time.

iv) You have just computed the number of collisionswith ligands per protein
per unit time. Your expression should be in terms of r0, D, and c∞L . Mul-
tiplying that expression by the protein concentration cP will give the total
number of collisions per unit time. From this, write down the frequency
factor A.

d) Reactions that have very low activation energy proceed almost immediately
upon collisions. Such reactions are termed diffusion limited. They are lim-
ited in their speed by how quickly diffusion can deliver the reactants to each
other for reaction. Write down an expression for the diffusion limited rate
constant for protein-ligand binding in terms of r0, Dprotein and Dligand.
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