
BE 25Winter 2024
Homework #5

Due at 9 AM PST, February 15, 2024

Problem 5.1 (A concave entropy, 15 pts).
Prove that the entropy

S = −kB
∑

i

pi ln pi (5.1)

is a concave function of the probabilities p = {p1, p2, . . .}. What implications does
this concavity have on the probability distribution(s) that maximize(s) entropy?

Problem 5.2 (Boltzmann’s grave, 5 pts).
Consider a system where each microstate has the same energy. Show that the parti-
tion function Ω of such a system is equal to the number ofmicrostates. Show further,
starting with the Gibbs entropy, that S = kB ln Ω . This equation is on Boltzmann’s
grave, except written as S = k log W.

Problem 5.3 (Disulfide linkages in ribonucleases, 30 pts).
This problem is heavily based on a problem written by Doug Rees.

Christian Anfinsen won the Nobel Prize in Chemistry in 1972 for his work on ri-
bonuclease. He learned that disulfide bonds in the enzyme were crucial for its func-
tion. His clever insight for his experiment was that the native state of ribonuclease
could be recovered after unfolding the protein by reducing the disulfides, and then
re-folding the protein under oxidizing conditions to yield nearly 100% active protein
with the proper disulfide bonds.

In his 1972 Nobel Prize address, he said (emphasis added):

“Many others, including Anson andMirsky in the ’30s and Lumry and
Eyring in the ’50s, had observed and discussed the reversibility of de-
naturation of proteins. However, the true elegance of this consequence
of natural selection was dramatized by the ribonuclease work, since the
refolding of this molecule, after full denaturation by reductive cleav-
age of its four disulfide bonds, required that only one of the 105 possible
pairings of eight sulfhydryl groups to form four disulfide linkages take
place.”

Stanford Moore andWilliam Stein (who shared the Nobel Prize with Anfinsen),
figured out specifically which disulfide bonds formed. Labeling cysteines residues
as A: 26, B: 40, C: 58, D: 65, E: 72, F: 84, G: 96, and H: 110, they found that the
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disulfide bonds were A-F, B-G, C-H, and D-E. As Anfinsen said, to get refolding,
only this configuration works.

a) If each of the 105 configurations of disulfide bonds has the same energy, what is
the probability that a given refolded protein has theMoore-Stein configuration
of disulfide bonds?

b) Assuming all 104 configurations that are not the Moore-Stein configuration
have the same energy, whatmust the energy difference be between theMoore-
Stein configuration and each of the other 104 configurations in order to have
99% of the folded ribonucleases in the Moore-Stein configuration? What do
you think about the magnitude of this energy difference?

c) How many possible disulfide configurations are there for an even number n
cysteines and n/2 disulfide bonds? Repeat part (b), say, for n = 16, which is
twice as many disulfide bonds as in ribonuclease.

Problem 5.4 (Patch clamp experiments, 20 pts).
In a patch clamp experiment, current flowing through a single ion channel in a cell
membrane may be measured. Furthermore, a voltage may be applied across the
membrane to provide a driving force for ion current. Traces from patch clamp ex-
periments look like those below, which were take for a sodium channel.KELLER ET AL .

�

Pur i f i ed Sod i um Channe l s i n L i p i d B i l aye r s

B

25 pS

c l osed

i
open

x - 10 Ms - - 1

c l osed

open

t - - 10 mss

F I GURE 1 .

�

Vo l t age dependence o f sod i um channe l ga t i ng . (A) A s i ng l e t r ans - f ac i ng
sod i um channe l was i ncorpor a t ed i n t o a d i phy t anoy l PC b i l aye r f ormed ac ross a 70 -
Am ape r t ur e ba t hed i n 0 . 5 M NaC l med i um I ( c i s ) and 0 . 2 M NaC l med i um I p l us
1 AM BTX ( t r ans ) . The cur r en t was r ecorded unde r vo l t age - c l amp cond i t i ons wh i l e
t he vo l t age was changed i n 10 - mV s t eps l as t i ng 1 m i n f rom - 135 t o - 55 mV . The
cur r en t r ecords we r e f i l t e r ed a t 1 kHz , conve r t ed t o d i g i t a l f orm a t a samp l i ng
f r equency o f 5 kHz , and p l o t t ed a t r educed speed on a Gou l d 2200 S cha r t r ecorde r
(Gou l d , I nc . , C l eve l and , OH ) . (B) The uppe r r ecord i s a compu t e r - d i g i t i zed s i gna l
r ecorded a t an app l i ed vo l ume o f V = - 95 mV unde r same cond i t i ons as i n A . A f t e r
f i l t e r i ng a t 2 kHz , t he r ecords we r e d i g i t i zed a t a samp l i ng i n t e r va l o f 100 As . A
downwa rd de f l ec t i on i s a channe l open i ng even t and t he nex t upwa rd s t ep i s
assoc i a t ed w i t h channe l c l os i ng . Tr ans i t i ons be t ween t he c l osed and open s t a t es a r e
i nd i ca t ed by t he a r rows . The l owe r r ecord i s t he r econs t ruc t i on o f t he s i gna l by a
pa t t e rn - r ecogn i t i on compu t e r progr am (Laba r ca e t a l . , 1984) .
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Figure 1: Current (vertical axis) versus time (horizontal axis) for patch clamp
experiments for various applied voltages. Taken from Keller, et al., J. Gen.
Physiol., 88, 1–23, 1986.

From the traces, we clearly see two states, an open state where current flows
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through the channel, and a closed state where it does not. By analyzing the traces,
one may calculate the probability that a channel is open as

popen ≈
time open
time closed

. (5.2)

In the above traces, for low-magnitude applied voltage (V = −55 mV), the proba-
bility of being open is high, and for high-magnitude applied voltage (V = −135 mV)
the probability of being open is small. Let ΔE = Eopen −Eclosed be the energy differ-
ence between an open and a closed state. Assume that we can write ΔE as a linear
function of applied voltage, V. Derive an expression for popen as a function of voltage
and sketch a plot of popen versus V. Eyeballing the traces above, does the function to
derived and sketch jibewith the experimentalmeasurements. (Youwill not be able to
compare quantitatively; just check to see if what you derived is roughly consistent.)

Problem 5.5 (Intensive parameters, 10 pts).
Let A and B be extensive thermodynamic properties. Show that y = A/B is inten-
sive, as is ξ = ∂A/∂B.

Problem 5.6 (The pressure, 10 pts).
Intuitively, we might think of the pressure as

p = −
(
∂E
∂V

)
S
. (5.3)

a) Why does this intuitively make sense?

b) Show that the above definition of pressure is consistent with that we used in
lecture,

p = T
(
∂S
∂V

)
E
. (5.4)
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